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The wave equation for longitudinal/compressional waves 
 
In this lecture we will derive the wave equation for longitudinal waves. 
With "longitudinal" means first of all that the wave motion (i.e. the 
particle motion) has the same direction as the propagation direction of 
the wave. An additional name is "compressional" waves, which aims more 
on the nature of the wave. Changes in the material happens in form of 
compression of the material (i.e. a change of the volume). There will be 
two different derivations presented. The first part presents longitudinal 
waves in solids. The second part considers wave propagation in air. Both 
parts will lead to two identical wave equations. 
In both cases the derivation of the equation is based on three main 
equations 
 Newton's second law 
 Hooke's law 
 Material law 
 
These main equation will be applied in the further text. 
 
Longitudinal waves in rods 
 
Imagine a chain of identical masses connected by massless springs. 

� 

!  is 
the displacement,    

� 

s  is the spring stiffness,   

� 

m  is the mass,    

� 

!L is the 
length of each mass spring 
element, and 

� 

!   is the index 
of the mass (i.e. the co-
ordinate). For each mass (if 
it is not at the end of the 
chain) the following 
equations are valid : 

     (Newton's second law) 
    

� 

F! " F! +1 = m
d

2#!

dt
2

  

     (Hooke's law) 
    

� 

F! +1 = s "! # "! +1( )
F! = s "! #1 # "!( )
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The first equation says that the acceleration of a mass is due to the 
differences between the forces   

� 

F  acting on both sides of the mass. 
These forces are given by the compression of the springs. 

Together give both equations 
    

� 

s !" #1 #2!" + !" +1( ) = m
d 2!

dt 2  which can be 

modified to 
    

� 

! x " #L( ) "2! x( ) + ! x + #L( )( )
#L2

=
m

s#L2

d 2!

dt 2  

The last equation was obtained by dividing both sides with   

� 

! L and moving 
the stiffness   

� 

s  to the other side. Additional co-ordinates have been 
substituted. Instead the index 

� 

!  we use x,   

� 

! " 1became   

� 

x ! " L and   

� 

! +1 
became   

� 

x + ! L .  
The next step towards a continuous system is to make the length of each 
element (i.e. a mass and a spring) arbitrary short, i.e. we 'smear' out the 
masses and springs to a continuous material. In this case we can describe 
the material properties as follows: 
The mass is given as the density of the rod material times the volume 

  

� 

m = !S"Lwhere S is the cross section of the rod.  
At this point we have to include the material properties. We still have not 
defined what the stiffness of the material is. In the case of a solid the 
stiffness is given by its elasticity modulus E.  Imagine a rubber pad. It is 
obvious that the stiffness and the size of the pad will play a role. An 
increase of the thickness will lead to a softer pad but an increase of the 
area S will increase the stiffness. You sit far better (softer) on a thick 
cushion than on a thin, with the size it is not as easy to conclude. 

The stiffness of the material is therefore given as 
  

� 

s =
ES

!l
. 

Now one can change the factor on the right hand side of the equation 

    

� 

m

s!l 2
=
"S!l!l

ES!l 2
=
"

E
=

1

cL
2  

The material constant gives also correctly the speed of sound for 
longitudinal waves. As a last step in the derivation we decrease the length 
of the elements. This means that the differences on the left side change 
to derivatives. Actually the change is to total derivatives but assuming 
the motions are very small we can approximate them by partial 
derivatives. (Do you remember what total derivatives and partial 
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derivatives are?). Finally we obtain the partial differential equation for 
longitudinal waves in a rod 
 

    

� 

! 2"

! x
2

=
1

cL

2

! 2"

! t
2

 

 
The derivation is quite straightforward. However, we have made an 
assumption without mentioning it clearly. We have only allowed very small 
motions, which is certainly justified in most of the cases of interest. We 
also assumed that each element consists of a massless spring and a solid 
mass. During derivation we smeared out both over the whole length. 
 
Longitudinal waves in air 
At this point we could just try to figure out what is the stiffness of air 
and replace the stiffness of the material used before. We would than 
obtain the wave equation for air borne sound. However, here a - at the 
first glance- somewhat different derivation will be demonstrated. 
A small portion of gas is selected. We focus 
on the forces acting on this portion and its 
reaction to the forces. We start with 
Newton's second law balancing the the 
forces (i.e. pressure time surface area) 
acting on the volume. 
With S the cross section area and   the velocity in x-direction one obtains 

 
  

� 

! p t( )S = " #S! xa t( ) = " #S! x
du t( )

dt
. (

  

� 

a t( )  is the acceleration). Dividing by 

∆x and considering the limit of ∆x towards zero and assuming very small 

displacements one obtains 
    

� 

!
" p x ,t( )

" x
= #

" u x ,t( )
" t

. This is an important 

equation since it gives us the relation between velocity and pressure in 
the field. 
Observe that, to derive the equation we have assumed that the control 
volume behaves like a rigid mass. When now continuing with Hooke's law, 
we will consider the volume as mass-less but having a certain stiffness. 
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We also assume that the pressure is identical on both sides. With these 

assumptions we obtain     

� 

Sp x,t( ) = !s " x + #x,t( ) ! " x,t( )[ ]  where 

� 

!  is the 
displacement and s is the spring stiffness. The difference of the 
displacements on both sides of the volume is the deflection of the spring. 
Now we have to derive the spring stiffness by assuming a certain material 
law. The spring stiffness is characterised by the ratio between the 

change in force and change in deflection 
  

� 

s = !
"F

"#
 

The deflection of the spring in relation to the total length of the spring 
is proportional to the change of the density in the volume to the total 

density 
  

� 

! "

! x
= #

! $

$
. This both formulas together give for the spring an 

expression as follows 
  

� 

s =
! F

! "

"

! x
=

! p

! "

S"

! x
. 

The expression contains the term   

� 

! p ! " , which is the ratio between 
changes in pressure and changes in density. This ratio is depending on the 
material, which is in our case gas. The main question is, should we consider 
the gas as isotherm or adiabatic? An adiabatic gas means that we have no 
heat transport between areas of higher temperature and lower 
temperature. Areas of high pressure means areas of higher temperature, 
areas of low pressure means areas of lower temperature. If we have 
isotherm conditions, we will have a heat transport between both areas 
and in this way we will lose energy from our wave. Whether we have 
adiabatic or isotherm conditions will depend on the distance between 
areas of high and low pressure and on the available time for heat 
transport between these areas. The time 
period is determined by the frequency, the 
distance by the wavelength.  
In the frequency range of interest (i.e., 
between 20 Hz and 20 kHz) the distance is 
still too long for the available time. 
Therefore we have adiabatic conditions for 
the gas. At frequencies above 20kHz the 
properties will change to isotherm conditions.  



The wave equation for longitunal waves  
Wolfgang Kropp 

4.5 
 

CHALMERS UNIVERSITY OF TECHNOLOGY 
Division of Applied Acoustics 
E-mail: wolfgang.kropp@chalmers.se 
 

For adiabatic conditions we have a relation between pressure and density. 
The relation is non linear. However, since acoustic pressure and density 
changes are very small, we can linearise the behaviour around the working 
point, i.e. the static pressure P and the respective density 

� 

!  . 
 

This linearisation gives 
  

� 

!p

!"
=
#Pstati c

"
 which is the speed of sound squared 

    

� 

cgas
2

=
! Pst atic

"
. The stiffness of air is then 

    

� 

s = cgas
2 S!

"x
 . As before, for 

Newton's second law (
    

� 

Sp x ,t( ) = !c2 S

"x
# $ x + "x ,t( ) ! $ x ,t( )[ ]) we will now 

carry out the limes for small ∆x. This gives the second partial deferential 

equation 
    

� 

p x , t( ) = ! c2"
#$ x ,t( )

#x
. Now we have two partial differential 

equations of the first order. By adding or subtracting both in a fortunate 
way, we can obtain one differential equation of the second order. 
First we take the derivative towards the space for the first one and then 
the derivative towards the time of the second one equations 

     

� 

!

! x
"

! p x,t( )
! x

= #
! u x,t( )

! t

$ 

% 

& 
& 
& 

'  

(  

)  
)  
)   

     

� 

!

! t

1

c2
p x ,t( ) = " #

! $ x ,t( )
! x

% 

& 

'  
'  
'  

(  

)  

* 
* 
*  

then we subtract both 
This gives  

    

� 

! 2p x,t( )
! x2

"
1

c2

! 2p x,t( )
! t2

= 0  

 
which is, beside different variables, identical to the wave equation we 
derived for longitudinal waves on a rod. For the derivation we again 
assumed small amplitudes of motion. This allowed us the linearisation of 
the ratio between pressure and density. If the amplitudes are not small 
we will have changes in the speed of sound. For small pressures we will 
have slower speed and for high pressures we will have a higher speed. As 
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a consequence the waves will become steeper during propagation and will 
more and more be like a saw tooth. Such effects start to become 
important for sound pressures in the order of 140 dB and more. 
 
Wave equation in three dimensions 
In three dimensions the derivation will be very similar. The main 
difference is that we have three components of the velocity (i.e. the 
velocity is a vector). This also means that one obtains instead of one 
equation for Newton’s second law three equations, one for each direction. 
Additional we will have a deformation in all three directions. From this 
point the derivation will be identical as before. As solution one obtains  

    

� 

! 2p x , y, z, t( )
! x 2

+
! 2p x , y, z, t( )

! y 2
+

! 2p x , y, z, t( )
! z 2

"
1

c2

! 2p x , y, z, t( )
! t 2

= 0
 

or
 

    

� 

!! p x , y, z, t( ) "
1

c2

#2p x , y, z, t( )
#t 2

= 0  

 
Solution of the wave equation 
The solution of the wave equation is represented by a whole group of 

functions of the type 
    

� 

p x ,t( ) = f t !
x

c

" 

# 

$ $ 

% 

& 

' ' . This functions have a simple 

physical interpretation. They just say that the sound at a point x is the 
same as on x=0 at the time t=0, but delayed by the flying time x/c. 
Equation (22) allows for changes in the amplitude but not for changes in 
the shape of the signal. It is only valid for positive x. For negative x we 

have to change the sign and obtain 
    

� 

p x , t( ) = f t +
x

c

! 

" 
# # 

$ 

% 
& &  

One typical solution for the one dimensional case has already been 
discussed in section 1. It is the case of the so called plane wave (i.e. a 
plane wave-front in two dimensions (y,z) while propagating in the third 
direction (x). 

The solution is 
      

� 

p x , t( ) = Re pe! j kxe j ! t{ } . In the case the pressure has such 
a form, the particle velocity also has this form

      

� 

ux x , t( ) = Re uxe
! jkx e j ! t{ } . 
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Impedance 
Realtion between pressure and velocity are given in the form of their 
complex amplitudes    

� 

p and   

� 

ux  . Using Newton’s second law we can find 
this ratio:  

    

� 

!
"p x ,t( )

"x
= #

"u x ,t( )
"t

  or  
    

� 

±jk pe! jkx e j!t = j!"ue! jkx e j!t

 which can be 

modified to 
  

� 

p

u
= ±

! "

k
= ±" c  

(remember the relation between frequency, wavelength and speed of 
sound). 
The last expression is often called "specific acoustic impedance " or 
simply "impedance".  

  

� 

Z = ±! c  
The different signs are due to different directions of the waves. A wave 
in positive x-direction experiences a positive field impedance while a wave 
in negative direction experience a negative impedance.  
The impedance give the ratio between pressure and velocity in a sound 
field. It can also describe the ratio between the radiated pressure and 
velocity of a radiator. In this case we talk about radiation impedance. We 
also can formulate a mechanical impedance as the ratio between exciting 
force and resulting velocity at the excitation point. 
The concept of impedance is taken from electrical engineering and applied 
to acoustics. In this way the concept might sometimes seem to be a bit 
artificial for applications inside the field of acoustics or mechanics. 
However, it is a very useful tool when describing phenomena such as 
excitation or reflection of sound, the excitation of structure-borne sound 
or isolation of vibrations. 
The acoustic impedance for different materials can vary substantially . 
For a plane wave in air one obtains 

 
    

� 

Z = !c = 1.2kg m3  340m s " 400
kg

m2s

# 

$ 

% 

% 

& 

' 

( 

( 
 

and for water  
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� 

Z = ! c = 1000 kg m3  1500 m s " 1.5 106 kg

m2s

# 

$ 

% 

% 

& 

'  

(  

(  
 

 
From both impedance values one can calculate the pressure created by a 
particle velocity of 1 mm/s. For air one obtains 0.41 Pa, for water 1500 Pa. 
One can already see from this simple example that different impedance 
will lead to very different field quantities. Please note, that one can have 
very different materials but still similar impedance. 
 
Intensity and Power 
Starting from pressure and velocity we can discuss the transport of 
sound power though an acoustic medium. Mechanical energy  

  

� 

E t( )  is given 

as the scalar product of force and displacement 
    

� 

E t( ) =
! 

F t( )
! 

!  t( ). 
The force can be replaced by pressure times area S. The power 

  

� 

W t( ) is 

the time derivative of the energy 
    

� 

W t( ) =
!  

S p t( )
!  
u t( ). 

The product between pressure and velocity is the so called intensity 
vector   

    

� 

! 

I t( ) = p t( )
! 
u t( ) . 

It describes the power flow through a unit surface. When measuring 
acoustic power emitted from machines, one measures the intensity vector 
perpendicular to a closed surface around the machine. In this way one is 
measuring all the power passing through the surface.  
Since both pressure and velocity are time dependent, the intensity vector 
in is also a function of time. However in practise one prefers a time 
average to characterise the power, otherwise one does not obtain the net 
power flow through a surface but also observes oscillating parts of the 
intensity which do not contribute to the power. 
Imagine a plane wave where we measure the intensity at the position x=0.  
The pressure is 

    

� 

p x = 0,t( ) = Re pej ! t{ } = p cos ! t( ) and the velocity in x-

direction  is 
    

� 

ux x = 0,t( ) = Re uxe
j!t{ } = ux cos !t( ), where the amplitude can 

be expressed by the amplitude of the pressure wave and the impedance. 
The Intensity vector is given as  
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� 

!  
I x = 0,t( ) = p x = 0,t( )

!  
u x = 0,t( ) =

p2

!c
cos2 "t( ) 

To avoid the oscillating part in the expressions above, a time average is 
calculated of the squared cosines. This gives a time averaged intensity 
vector as we use it normally in practise. 

For the case above, the time average gives 
      

� 

!  
I =

1

2

p2

! c
 as final result. The 

calculations were quite simple in the case above. we could also have 
calculated the time average directly in the form  

      

� 

! 
I =

1

T
Re pej!t{ }

0

T

" Re
! 
u e j!t{ }dt  or 

      

� 

!  
I =

1

2
Re p* !  u { }  

The last expression will often be used in practise. Therefore, it could be 
helpful to derive it by yourself. 
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Problems to section 4. 
4.1 A reciprocating compressor installation is suffering piping joint 
failures due to excessive fluid pulsations at the compressor discharge. 
Prior to designing pulsation dampers, it is necessary to calculate the 
speed of sound in the compressed gas and this must include the gas flow 
speed. Assume a gas discharge pressure of 8 MPa, a temperature of 
120°C, a pipe diameter of 0.1 m, a gas flow rate of 250 000 m3 per day 
(24h) measured at 15°C and atmospheric pressure, ration of specific 
heats of 1.4 and a molecular weight of 29 gramms per mole. Calculate the: 
a) gas mass flow (kg/s) 
b) density of gas in the discharge pipe 
c) gas flow speed in the discharge pipe (m/s) 
d) speed of sound in the gas relative to the pipe and in the direction of 
gas flow. 
4.2 What is the speed of sound in a gasoline engine cylinder just after 
combustion when the pressure is 200 times atmospheric pressure and the 
temperature is 1000°C? The ratio of specific heats of the gas mixture is 
1.35 and the gas density is 1.4 kg/m3 at 0°C and atmospheric pressure. 
4.3 Show that any function f(t-x/c) is a solution to the differential 

equation 
    

� 

!
2p

!x 2
"

1

c2

!
2p

!t 2
= 0 . 

4.4 Show that 
    

� 

p x,t( ) = p0e
j!te" jkx  is a solution to the differential equation  

 
    

� 

! 2p

! x 2
"

1

c2

! 2p

! t 2
= 0 . 

4.5 You are standing on the central station waiting for the train. The 
train is 1 km away, and since you are very interested in acoustics, you 
decide to do some measurements to make the waiting more amusing. You 
measure the longitudinal waves in the rail.  
a) How long time does it take for the longitudinal waves from the train to 
reach you? 
b) How long is the wavelength of the longitudinal waves in the rail at the 
frequency 100 Hz? 
c) How many wavelengths at 100 Hz are there in the rail between you and 
the train? 
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4.6 Calculate the speed of longitudinal waves for rubber, wood, concrete, 
steel and aluminium respectively. 


