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Waves in cavit ies such as vehicle compart ment s,  rooms or duct s 
 
Sound propagat ion f rom sources int o t he f ree f ield is re lat ively simple. At  
a receiving posit ion in a dist ance t o t he source t he sound wil l arriv e 
delayed by t he t imes needed f or t he sound t o t ravel f rom source t o 
receiver and it  wil l be at t enuat ed depending on t he geomet ric al 
dist rib ut ion of  t he sound power f r om t he source int o t he space. I n t he 
pict ure on t he rig ht  t he 
sit uat ion is dif f er ent . The 
source might  be t yre / road 
int eract ion. The receiver 
might  be t he driv er of  t he car.    
Sound, which comes int o t he car compart ment  eit her by vibrat ion of  t he 
wheel suspension or t hrough excit at ion of  t he car body by a pressure 
f ield, wil l be modif ied by t he acoust ic propert ies of  t he compart ment . I n 
a simplif ied view, t hese propert ies are  det ermined by t he resonances of  
t he compar t ment  cavit y and t he damping due t o absorp t ion mat eria l inside 
t he compar t ment . To st udy t hese ef f ect s more  in det ail , however we have 
t o st art  wit h a more  simple geomet ry . The most  simple cavit y is t ube at  
low f requencies, i.e. t he wavelengt h is big in comparis on t o t he diamet er 
of  t he t ube. I n t his case we only have plane waves inside t he t ube, we can 
consider t he t ube as a one-dimensional waveguide. 
 
The wave f ield in t he t ube is det ermined by t he boundary  condit ions on 
bot h ends of  t he t ube t hat  are  charact eris ed 
by t heir impedance and in t his way by t heir 
re f lect ion coef f icient s. 
I magine a source send out  a harmonic signal. 
This source is sit uat ed at  t he lef t  end of  t he 
t ube (x=0). I t  is creat ing an init ial wave f ront  
of  t he f orm     

� 

p x ,t( ) = p0 e! j kx e j " t . This wave f r ont  wil l be re f lect ed at  t he 

rig ht  end of  t he t ube (x=L). I t  can be considere d as a wave, which st art ed 
at  t he same t ime as t he init ial wave f ront  but  t wice t he lengt h of  t he 
t ube away in x dire ct ion and which t ravels in negat ive x dire ct ion (a image 
source). The amplit ude of  t he re f lect ed wave is det ermined by t he 

re f lect ion coef f icient    

� 

rL
 and can be writ t en as     

� 

pr 1 x , t( ) = p0rL e
! jk 2L! x( ) e j " t

 

This wave t ravels back t o t he lef t  end of  t he t ube and is re f lect ed t here  

again. The re f lect ed wave is     

� 

pr 2 x,t( ) = p0rL r0e
! jk 2L+x( ) e j"t
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We can now cont inue t his procedure and wil l get  all re f lect ed waves. The 
wave f ield inside t he t ube is t he sum of  all re f lect ed waves plus t he init ial 
wave: 

 

    

� 

p x,t( ) = p0 e! jkx 1 + rLr0e
! jk 2L + rLr0( )

2

e! jk 4L + rLr0( )
3

e! jk 6L.....
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One possibil it y t o writ e t his equat ion is t o sum up all t erms in t he 

bracket s and replace t hem by t he unknown amplit udes   

� 

A+  and   

� 

A
!
. The 

expression obt ained in t his way is called t he wave approach and is given by 

    

� 

p x , t( ) = p0 A+e
! jkx + A!e

! jk 2L!x( )" 
# $ 

% 
& '  

I t  expresses t he wave f ield in t he t ube by t wo waves propagat ing in t he 

posit ive and in t he negat ive dire ct ions. The unknown amplit udes   

� 

A+ and   

� 

A
!
 

of  bot h waves have t o be det ermined by t he boundary  condit ions. This 
descrip t ion is widely used when discussing wave f ields in coupled syst ems. 
 
The equat ion consist ing of  t he cont rib ut ion of  many re f lect ions can also 
be int erp re t ed in a dif f erent  way. The expression in t he bracket s has t he 
f orm 

 
    

� 

1+ ! + ! 2 + ! 3 + .......=
1

1" !
for ! <1 

Assuming t hat  t he magnit udes of  t he re f lect ion coef f icient s on bot h 
sides are  smaller t han 1 we can writ e  

    

� 

p x , t( ) = p0

e! j kx + rLe
! j k 2L! x( )

1! rLr0e
! jk 2L  

I f  t he assumpt ion   

� 

! <1is not  f ulf il led t he serie s does not  converge. Or t o 
say it  dif f ere nt ly: I f  we excit e a syst em wit hout  damping which re f lect s 
t he waves at  t he boundarie s complet ely t he wave f ield wil l never become 
st able, but  increase cont inuously in amplit ude under cert ain condit ions. 
From t he solut ion we can see t hat  t here  are  cert ain f requencies where  
t he amplit udes of  t he waves become inf init y if  t here  is no damping 
included. These f r equencies are  det ermined by 
     

� 

1 ! rLr0e
! jk 2L

= 0   

or  

    

� 

rLr0 cos k2L( ) + j sin k2L( )[ ] =1 

Now we can assume cert ain boundarie s t o f ind a solut ion t o t he equat ion. 
When assuming bot h ends of  t he duct  as rig id we wil l f ind as re f lect ion 
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coef f icient s     

� 

r0 =1 and      

� 

rL =1. The equat ion which has t o be f ulf il led is 

    

� 

j sin k2L( ) = 0 and 
    

� 

cos k2L( ) =1 . The solut ions are  

  

� 

kn =
! n

L
 

wit h n=0,1,2,3,... .This can be writ t en a bit  dif f er ent ly in t he way  

    

� 

2!

"n

=
!n

L
 or 

    

� 

!n =
2L

n
  (11) 

Values det ermined by Eq. (10) are  of t en called eigenvalues f or t he wave 
propagat ion in a t ube wit h rig id t erminat ion on bot h sides.  
We get  very  high amplit udes in t he t ube f or  f requencies wher e t he 
wavelengt h equals t wice t he lengt h, t he lengt h, or int eger f ract ions of  
t he lengt h. The f requencies f or t hese wavelengt hs are   

    

� 

f n =
c

! n

= c
n

2L
 

These f r equencies are  of t en called eigenf r equencies or resonance 
f r equencies. To each of  t hese re sonance f r equencies belongs a cert ain 
vibrat ion pat t ern in t he t ube. The vibrat ion pat t erns can also be 

calculat ed by t he numerat or of  t he solut ion     

� 

e! jkx + rLe
! jk 2L! x( )  which gives 

    

� 

pn x( ) = cos
! n

L
x

" 

# 
$ $ 

% 

& 
'  '   

The vibrat ion pat t ern is shown in t he Figure on 
t he rig ht  f or t he case t hat  n equal 4, i.e. t hat  
t wo wave lengt hs f it s t o t he lengt h of  t he t ube 
(or 4 t imes a half  wavelengt h). The f igures 
show pressure and velocit y f or t he t ime t =0 
inside t he t ube compared wit h t he ef f ect ive 
values of  pressure and velocit y.  
Each of  t hese vibrat ion pat t erns at  t he 
resonance f r equencies is called modes. The 
f ant ast ic propert y of  modes is, t hat  we can 
built  up any sound f ield inside t he t ube by a 
summat ion over such modes. The idea is ver y 
similar t o t he idea t hat  you can build up any 
t ime signal by a summat ion of  harmonic t ones. 

    

� 

p x , t( ) = pn x( )e j!t

n=0

"

# = An cos
$n

L
x
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& 
' ' 
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Exerc ise:   deriv e t he resonance f requency f or a t ube where  one end is 
closed and one end is open (assume t hat  an open end corr espond t o 
pressure r elease condit ion).  
 
 
I nt erp re t at ion of  t he re sonance phenomena 
 
There  is a dif f ere nt  int roduct ion of  t he re sonance phenomena, which is 
much more  appealing t han t he mat hemat ical deriv at ion shown above. I t  is 
based on t he concept  of  t he "closed wave t ra in". This concept  says t hat  
we wil l obt ain resonance when t he re f lect ed wave f it s in phase t o t he 
signal at  t he excit at ion posit ion. I n t he example of  t he t ube, t he 
re f lect ed wave has a phase shif t , which is det ermined by t he delay 
bet ween st art ing at  t he excit at ion side and re t urning t o t his point .  
The delay is t wice t he lengt h of  t he t ube divided by t he speed of  sound 

 
    

� 

! t =
2L

c
. This delay corre sponds t o t he phase shif t  

    

� 

! = " #t = "
2L

c
. 

That  t he signal arriv es j ust  in phase wit h t he source signal, t he phase has 
t o be   

� 

2!,  4!,  6!,  .... This can only be f ulf il led f or cert ain f requencies 

    

� 

n2! ="n#t ="n

2L

c
 which gives  

 
    

� 

!n = c
n2"

2L
 

This is ident ical wit h t he previous result s f or rig id-rig id boundary  
condit ions. Ot her f r equencies wil l not  lead t o a closed wave t ra in. As a 
consequence t he r ef lect ed waves and t he newly excit ed waves cannot  add 
up t o an increasing amplit ude. I n t he case we include damping t he 
amplit ude wil l be f init e (f ort unat ely). However,  st ruct ures or cavit ies can 
show clear resonant  behaviour t hat  also includes t hat  t he vibrat ion or 
pressure amplit udes become high even f or small excit at ion st rengt h. 
 
Ext ension t o t hre e- dimensional cavit ies 
 
The model of  t he t ube allows only f or one-dimensional wave propagat ion. 
Similar deriv at ion can be carrie d out  f or t he t hree dimensional room. We 
wil l f ind cases, where  mult iple of  half  a wavelengt h wil l f it  t o one or 
severa l dire ct ions. The condit ion can be f or mulat ed as 

 
  

� 

knx =
n!

Lx

 , 

  

� 

kmy =
m!

Ly

  and  
  

� 

k lz =
l!

Lz

. 
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From t he wave propagat ion in t he f ree space we know t hat  t he wave 
numbers  in t he dif f erent  dir ect ions are  not  independent  but  can be seen 
as vect ors . The magnit ude of  t he vect or is t he wave number in air.  This 

means t hat      

� 

k 2 = knx
2 + kmy

2 + k lz
2  has t o be valid and t he resonance 

f requencies are  combinat ions of  t he dif f er ent  cases when t he mult iple of  
half  a wavelengt h f it  int o t he dif f erent  dir ect ions 

 
    

� 

f n =
ck

2!
=

c

2!
knx

2 + kmy
2 + k lz

2  

Af t er subst it ut ing t he wave numbers  one obt ains an equat ion f or t he 
resonance f r equencies which looks quit e similar t o t he one-dimensional 
case Set t ing l=0 and m=0, bot h equat ions wil l be ident ical. 

 

    

� 

f n =
c

2!

n!

Lx

" 

# 
$ $ 

% 

& 
'  '  

2

+
m!

Ly

" 

# 
$ 
$ 

% 

& 
'  
'  

2

+
l!

Lz

" 

# 
$ $ 
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& 
'  '  
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For t he t hree-dimensional case t he concept  modes is applied in analogy t o 
t he one-dimensional case of  t he t ube. The shape f unct ions (i.e. t he 
f unct ion describ ing t he vibrat ion) at  t he vibrat ion pat t ern are  
det ermined by t he boundary  condit ions in t he dif f erent  dir ect ions  

 p x,t( ) = pn x( )e j!t

n= 0

"

# = An,m ,l cos
$n
Lx

x
% 

& 
' ( 

) 
* cos

$m
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( 
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#
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I mpedance of  t he sound f ield inside a cavit y 
 
A main quest ion of  int erest  is t he impedance of  sound f ields inside 
cavit ies. The impedance det ermines t he t ransport  of  energy and t he 
ef f iciency of  sources. Placing a loudspeaker inside a t ube, it  is not  self -
evident  what  t he radiat ed sound power wil l be. I t  wil l depend on t he 
impedance of  t he f ield in which t he loudspeaker is placed. 
For t he one-dimensional case can deriv e t he impedance of  t he sound f ield 
inside a t ube. As so of t en Newt on' s second law is applied  

    

� 

!
" p x ,t( )

" x
= #

" ux x , t( )
" t

. This gives in t his case 

    

� 

ux x ,!( ) = "
p0

j!#
" j k( ) e" jkx " rLe

" jk 2L"x( )

1" rLr0e
" j k 2L

 

The impedance as a f unct ion of  x and angular f requency is  

    

� 

Z x,!( ) = "c
e# jkx

+ rLe
# jk 2L#x( )

e# jkx # rLe
# jk 2L#x( )

= "c
e# jkx

+ rLe
# jk 2Le+ jkx

e# jkx # rLe
# jk 2Le+ jkx
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By only considerin g resonance f requencies one can see t hat  t he f unct ion   

becomes 1 f or 
  

� 

k =
n!

L
 and t he ot her exponent ial f unct ion can be 

summaris ed t o  

 

    

� 

Z x ,!( ) = "j #c

cos
n$
L

x
% 

& 
' ' 

( 

) 
* * 

sin
n$
L

x
% 

& 
' ' 

( 

) 
* * 

 

The impedance becomes purely imaginary  which means t hat  t here  is no 
energy t ransport  in t he room. However t his wil l change as soon as one 
int roduces damping int o t he syst em. I n t his case t he impedance wil l be 
complex. The simplest  way t o int roduce damping would be by a complex 
eigenf requency. One would obt ain  

    

� 

ux x ,!( ) =
kp0

" !  + j " " !  ( )#
e$ jkx $ rLe

$ jk 2L$x( )

1$ rLr0e
$ j k 2L

 

which gives  

 

    

� 

Z x, !( ) =
" j# $ !  

k
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L
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While t he f irs t  part  is ident ical t o t he case wit hout  damping, t he second 
part  is now real and represent s t he energy t ransport  int o t he room. When 
placing t he source int o t he middle of  t he room, t he impedance becomes 
zero since t he cosine f unct ion becomes zer o. Placing t he source on t he 
ends of  t he t ube t he impedance becomes inf init y since t he sin f unct ion 
becomes zero . The loudspeaker can be considere d as a volume source, i.e. 
t he loudspeaker membrane vibrat es wit h a cert ain velocit y only 
det ermined by t he elect ric al signal f ed t o t he loudspeaker.  
Zero impedance means t hat  t he pressure in f ront  of  t he loudspeaker wil l 
be zero as well since t he velocit y t ime t he impedance wil l give t he 
pressure. Wit h zero pressure no t ransport  of  energy int o t he room can 
occur. 
I nf init e impedance means f or a f ix ed velocit y an inf init e pressure (only in 
t heory ). The product  of  velocit y and pressure  wil l lead t o a subst ant ial 
t ransport  of  power int o t he room 
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Number of  eigenf re quencies in a given cavit y 
 
Alt hough t he modal concept  is a quit e powerf ul one, it  is limit ed by t he 
increasing number of  modes one has t o t ake int o account  wit h increasing 
f requency. Addit ionally, a high number of  modes per f requency band 
means t hat  t he sound f ield has ra t her st at ist ic t hen det erminist ic 
charact er.  For t he one-dimensional case t he number of  re sonance 

f requencies   

� 

Nf  below a cert ain f requency   

� 

f  can easily be calculat ed by 

using 
    

� 

f n =
c

! n

= c
n

2L
. The resonance f requencies are  sit uat ed on lines as 

shown in t he f igure.   

� 

Nf  can be obt ained by dividing t he f requency   

� 

f  by 

t he f irs t  int erval 
    

� 

f1 =
c

2L
 which leads 

t o 
    

� 

Nf =
f

c
2L 

  
I n t he t wo-dimensional case (i.e. in a very  f lat  room) t he resonance 
f requencies are  sit uat ed on a plane surf ace. The f requency   

� 

f  is 
represent ed by a circ le wit h t he radius   

� 

f . The area inside t his circ le, 
divided by t he rect angular area A given by t he f irs t  resonance 
f requencies approximat es t he number of  eigenf requencies.  

 
    

� 

Nf =
! f 2

A
 

where  A is 

    

� 

A =
c

2Lx

c

2Ly

=
c2

4Lx Ly

 

The number of  f r equencies 

  

� 

Nf  can be approximat ely 

calculat ed by 
    

� 

Nf =
! f 2

c2
S , 

where  S is t he surf ace   

� 

Lx Ly  . 

  
I n t hree dimensions t he procedure is similar and one obt ains beside t hat  
now, inst ead of  a sur f ace, t he volume wil l det ermine how many resonance 
f requencies one can count  up t o a cert ain f requency. 

    

� 

Nf =
4

3

!f 3

c3
V  

f1,0 f3,0 f5, 0 f 7 ,0

f0, 1

f0, 3

f0, 5

f 0 ,7

f

f0 f1 f2 f3 f4 f5 f6
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Beside t he number of  r esonance f requencies, t he densit y of  t he 
resonances is of  import ance as ment ioned above. The densit y can be 
est imat ed by t he deriv at ive of  t he number of  resonance f requencies wit h 
respect  t o t he f requency  
one dimension 

 
    

� 

! Nf

! f
=

2L

c
 

t wo dimensions 

 
    

� 

! Nf

! f
=

2" f

c2
S  

t hree dimensions 

    

� 

!Nf

!f
=

4"f 2

c3
V +

"f

2c2
S +

L

8c
 

The last  equat ion is somewhat  modif ied t o corre ct  f or erro rs  occurrin g 
when only a f ew r esonance f requencies are  below   

� 

f .  
 
 
Example:  
A room wit h a volume of  72 m3. How many resonance f r equencies are  
locat ed below 1 kHz? 



Waves in cavit ies  
Wolf gang Kr opp  
  7.9  

CHALMERS UNI VERSI TY OF TECHNOLOGY 
Division of  Applied Acoust ics 
E-mail: wolf gang.kr opp@chalmer s.se 

Problems t o sect ion 7 
 
7.1 A t ube is open in bot h ends and t he diamet er of  it  is small compared 

t o t he wavelengt h, see f igure. 
l

D

 
a) Deriv e an expression f or t he input  impedance of  t he pipe. 
b) What  are  t he f irs t  t hree resonance f r equencies f or such a pipe, 
having a lengt h of  1 m? 
c) How high in f requency, qualit at ively, is t he expression deri ved in 
a) valid t o use f or calculat ions of  t he eigenf requency? 

7.2 A pan-pipe (panf lšj t  in Swedish) consist s of  a serie s of  t ubes, which 
are  closed in one end. Calculat e t he lengt h of  such t ubes in ord er t o 
cover one oct ave accord ing t o t he t able. 
 

Tone c d e f  g a b c 
f [Hz]  264 297 330 352 396 440 495 528 

 
Use c = 346 m/ s (corre sponds t o 25¡C). 

7.3 How many eigenmodes are  t here  always in a room? 
7.4 a) Calculat e t he resonance f r equency f or t he 1-0-0 mode in a room 

of  dimensions (Lx, Ly, Lz) = 10 x 5 x 5 m3. 
b) Draw t he shape of  t he sound pressure dist rib ut ion f or t he 1-0-0 
mode in t he room when ωt = 0, π/ 2 and π, by t he use of  t he f ollowing 
expression: 

  

p
n,m,l

x, y,z,t( ) = p n,m,l

Part1
!  "  #  

cos
n!
Lx

x
" 

# 
$ $ 

% 

& 
'  '  cos

m!
Ly

y
" 

# 
$ 
$ 

% 

& 
'  
'  cos

l!
Lz

z
" 

# 
$ $ 

% 

& 
'  '  

Part2
!  "  $  $  $  $  $  $  #  $  $  $  $  $  $  

ej( t

Part3
%

n, m,l
)  

c) Explain what  t he t hree marke d f act ors  in t he expression means. 
7.5 A corrid or has t he dimension L x W x H = 20 x 2 x 3 m3. Mark t he 

eigenf requencies on a f requency scale f rom 0 - 100 Hz. 
7.6 Calculat e t he number of  eigenmodes wit h eigenf requencies !  200 Hz 

and !  1000 Hz respect ively in a room of  dimensions 4 x 2.8 x 2.4 m3. 
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7.7 The number of  modes in a f requency band inside a room has a great  
inf luence on t he sound qualit y of  t he room and t he choice of  
measurement  met hod. The dimensions of  t he room are  4.5 x 4.0 x 
2.6 m3. Calculat e t he number of  eigenmodes in t he t hird  oct ave 
bands in t he f requency range 100 - 1000 Hz. 

7.8 A person living in an old house has his bedr oom rig ht  above t he 
f urnace room The noise f r om t he f urnace is very  annoying and it s 
f undament al f requency (30 Hz) corre sponds t o t he lowest  eigenmode 
of  t he room. This mode dominat es t he sound pressure dist rib ut ion in 
t he room. The pers on has his pil low at  t he posit ion (x1, y1, z1) = (0.3, 
0.3, 0.3) m. When t he aut hor it ies measure t he noise level t hey do it  
at  a posit ion approximat ely in t he cent re  of  t he room accord ing t o 
t he regulat ions at  t he posit ion (x2, y2, z2) = (2.5, 1.5, 1.5) m. The A-
weight ed sound pre ssure level was in t his posit ion measured t o 35 
dB, which didnÕt lead t o any remarks . Calculat e t he act ual level at  t he 
pil low. 

7.9 An elevat or is driv en by an hydraulic pist on pump. Earl ier experie nce 
shows t hat  t here  is a large ris k f or complains on t he noise level in 
t he elevat or,  if  t he f undament al f requency of  t he pump, due t o 
pulses in t he hydraulic syst em, excit e some eigenf requency inside 
t he elevat or.  The pulses can be reduced t o accept able levels if  a 
react ive silencer is placed in t he hydraulic syst em near t he pump. 
However,  t o design t he silencer,  t here  is a need t o know t he 
unwant ed f requencies. The rot at ional speed of  t he pump is assumed 
t o vary  bet ween 1300 t o 1530 rpm. The number of  pist ons in t he 
pump is 7, which leads t o 7 similar pulses per ro t at ion. The elevat or 
compart ment  can be seen as a rect angular room wit h dimensions L x 
W x H = 2.0 x 1.1 x 2.25 m3. The speed of  sound in air is 343 m/ s. 
a) Calculat e t he f requency range in which t he f undament al f requency 
of  t he pump may vary . 
b) I s t here  a ris k t hat  t he f undament al f requency of  t he pump wil l 
excit e some of  t he elevat ors  eigenf requencies? How many? What  
are  t he eigenf requencies and corre sponding mode number? 

7.10 Emil ia lives in a single room compart ment  where  t he rooms 
dimensions are  5 x 4.75 x 2.5 m3 accord ing t o t he f igure. The 
re f rig erat or is old and noisy and Emil ia has placed her bed in t he 
opposit e corner,  as f ar away f rom t he re f ri gerat or as possible. 
Unf ort unat ely, Emil ia doesnÕt know about  wave t heory  and room 
acoust ics. The noise has a very  st rong 50 Hz component  (f rom t he 
elect ric  power supply), which almost  exact ly coinside wit h one of  t he 
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rooms resonance f requencies, so t he noise level is high in t he room. 

2,5 m

4,75 m

5 m

 
a) Which mode, expressed as (n, m, l) has an eigenf requency close t o 
50 Hz? The speed of  sound is 340 m/ s 
b) Assume t hat  t he sound f ield is dominat ed by t he mode f rom a). 
What  dif f erence in level can be f ound comparin g t he sleeping 
posit ions ÒThe head in t he cornerÓ and ÒThe f eet  in t he cornerÓ? 
Assume f or simplicit y t hat  bot h posit ions are  exact ly at  t he wall, 50 
cm above t he f loor.  Emil ia is 160 cm long. 

 
 


