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7.1

Waves in cavities such as vehicle compart ments, rooms or ducts

Sound propagation from sources intothe free field is relatively simple. At
areceiving posit ion in a distance to t he source the sound will arriv e
delayed by the times needed for the sound to travel from source to
receiver and it will be attenuat ed depending on the geometric al

distrib ution of the sound power from the source into the space. I nthe
picture on the right the
situationis dif ferent. The

source might be tyre/road 'F’ ‘
interaction. The receiver ® @

might be the driver of the car.

Sound, which comes into the car compart ment eit her by vibration of the
wheel suspension or through excit ation of the car body by a pre ssure
field, will be modif ied by the acoustic propert ies of the compart ment. I n
a simplif ied view, these propert ies are determined by t he re sonances of
the compart ment cavity and the damping due to absorption mat erial inside
the compartment. To study these ef fects more in detail, however we have
tostart with a more simple geometry. The most simple cavity is tube at
low frequencies, i.e. the wavelengt h is big in comparison to t he diamet er
of the tube. | nthis case we only have plane waves inside t he tube, we can
consider the tube as a one-dimensional waveguide.

The wave field inthe tube is determined by the boundary condit ions on
both ends of the tube that are characteris ed

by their impedance and in t his way by their

reflection coef ficients. _>L\—}

| magine a source send out a harmonic signal. o — xzL

This source is situated at the left end of the % i

tube (x=0). It is creating an initial wave front

of the form p(x,t)=p, €’* &"*. This wave front will be reflected at the
right end of the tube (x=L). 1t can be considered as a wave, which start ed
at the same time as the init ial wave front but twice the length of the
tube away in x dire ction and which travels in negative x dire ction (a image
source). The amplit ude of the reflected wave is determined by the

1 jk (2L! x)

— j"t

reflection coef ficient r, and can be writ ten as p,l(x, t) =Pl € e’
This wave travels back tothe left end of the tube and is reflected there
_ —jk(2L+x) jot

again. The reflect ed wave is pr’Z(Xl T) = Pol '€ €
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We can now continue t his procedure and will get all reflected waves. The
wave field inside the tube is the sum of all reflected waves plus t he init ial

wave:

( ) 2 3 %
— !k ! jkaL ! jkaL ' jkeL
p(x,f)—pO le”£+qroeJ +(rLrO) e’ +(f1fb) e’

k(20 x) L 2 . 3.
e’ & ")g +rne e+ (/"Lr'o) e 4+ (r'Lro) e e L,
One possibility to writ e this equationis to sumup all terms in the
bracket s and replace them by t he unknown amplitudes A, and A . The
expre ssion obt ained in t his way is called t he wave approach and is given by

plx.t)=p [Aﬁ‘”‘x A (Z“)J
It expresses the wave field in the tube by two waves propagating in the
posit ive and in the negative dire ctions. The unknown amplit udes A, and A

of both waves have to be determined by t he boundary conditions. This
descrip tion is widely used when discussing wave fields in coupled syst ems.

The equat ion consisting of the contrib ution of many reflections can also
be interpreted in a dif ferent way. The expression in the brackets has the
form

1+ +12+1°%+ ... -1 <«
1"/
Assuming that the magnit udes of the reflection coefficients on both
sides are smaller than 1 we can writ e

ok 4 rLe! jk(2Lr x)

p(x, t) P o
| f the assumption ! <1lis not fulfilled the series does not converge. Or to
say it dif ferently: | f we excit e a system wit hout damping which reflects
the waves at the boundarie s complet ely t he wave field will never become
stable, but increase continuously in amplitude under cert ain condit ions.
From t he solution we can see that there are cert ain f re quencies where
the amplit udes of the waves become infinity if there is no damping
included. These frequencies are determined by

1! e % =0

or

rLro[cos(kZL) +J sin(kZL)] =1

Now we can assume cert ain boundaries to find a solution to the equation.
When assuming bot h ends of the duct as rigid we will find as reflection
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coefficients r, =1and r, =1. The equation which has to be fulfilled is
jsin(kZL) =0 and cos(kZL) =1.The solutions are

/
k ="

L
wit h n=0,1,2,3,... .This can be writ ten a bit dif ferently in the way
2—ﬂzﬂ—nor ),,,:Z—L (1)
A L n

n

Values determined by Eqg. (10) are of ten called eigenvalues f or t he wave
propagation in a tube wit h rigid termination on bot h sides.

We get very high amplit udes in the tube for frequencies where the
wavelengt h equals twice the lengt h, the lengt h, or integer fractions of
the length. The frequencies for t hese wavelengt hs are

These frequencies are of ten called eigenfrequencies or re sonance
frequencies. To each of these re sonance frequencies belongs a cert ain
vibration pattern in the tube. The vibration patterns can also be

. | 1 jk(2L! . .
calculat ed by the numerator of the solution &' + e’ 1) which gives

n I n :)/
pn(x) = co?x.

L g
The vibration pattern is shown in the Figure on L8
theright for the case that nequd 4, i.e. that ]
two wave lengths fitsto the length of the tube -
(or 4 times a half wavelength). The figures -9

inside the tube compared wit h the effective

values of pressure and velocity. 0
Each of these vibration patterns at the osf |
resonance frequencies is called modes. The . i
fantastic propert y of modes is, that we can ‘
built up any sound field inside the tube by a

show pressure and velocity for the time t=0
ux)u 1 i
I

0,2 0,4 0,6 0,8
x/L.

-0,5

Pucd P 1 |
summat ion over such modes. The idea is very o3 :\/\/\/\/:‘
similar to the idea that you can build up any —0,2 i i
time signal by a summat ion of harmonic t ones. N i i
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Exercise: derive the resonance frequency for atube where one end is
closed and one end is open (assume that an open end corr espond to
pressure release condit ion).

I nterpretation of the resonance phenomena

There is a dif ferent introduction of the re sonance phenomena, which is
much more appealing t han t he mat hematical deriv ation shown above. It is
based on the concept of the "closed wave train". This concept says t hat
we will obt ain re sonance when the reflected wave fit s in phase tothe
signal at the excitation position. I nthe example of the tube, the
reflected wave has a phase shif t, which is determined by the delay
between start ing at the excitation side and returning to t his point.
The delay is twice the length of the tube divided by the speed of sound

L't :é. This delay corre sponds to the phase shift / ="#t =" Z—L

c c

That the signal arriv es just in phase wit h the source signal, t he phase has
tobe 2r, 4n, 6x, .... This can only be fulfilled for cert ain frequencies
n2rz = w,At = o, 2t which gives
c

2L
This is identical wit h t he previous results for rigid-rigid boundary
condit ions. Ot her frequencies will not lead to a closed wave train. As a
consequence t he reflect ed waves and t he newly excit ed waves cannot add
up to an increasing amplitude. I n t he case we include damping t he
amplit ude will be finit e (f ort unat ely). However, structures or cavit ies can
show clear resonant behaviour that also includes that the vibration or
pre ssure amplit udes become high even for small excit ation st rengt h.

Extension to three- dimensional cavities

The model of the tube allows only for one-dimensional wave propagat ion.
Similar derivation can be carrie d out for the three dimensional room. We
will find cases, where multiple of half a wavelength will fit to one or
several dire ctions. The condition can be formulat ed as

k=" Kk, =" and k,="".
L, L, L,

CHALMERS UNIVERSITY OF TECHNOLOGY
Division of Applied Acoustics
E-mail: wolf gang.kr opp@chalmer s.se



Waves in cavities
W olf gang Kropp
7.5

From t he wave propagation in the free space we know t hat the wave
numbers in the dif ferent dir ections are not independent but can be seen
as vectors. The magnit ude of the vector is the wave number in air. This
means that k? =k} +k; +k, hasto be valid and the resonance
frequencies are combinations of the dif ferent cases when the multiple of
half a wavelengt h fit into the dif ferent directions

f,=——=—-nlk: +ki, +kp
27r 27r
After substit uting t he wave numbers one obtains an equation for the

re sonance frequencies which looks quite similar to t he one-dimensional
case Setting 1=0 and m=0, both equat ions will be identical.

c [ % Ly %ty oh
f,=— %: +§;, +%:

21 \#L, & L g #.,&
For the three-dimensional case the concept modes is applied in analogy to
t he one-dimensional case of the tube. The shape functions (i.e. the

function describ ing t he vibration) at the vibration pattern are
determined by the boundary condit ions in the dif f erent dir ections

=3 p e zzzAm,cos[_x]cos(L_y]cos[flz]e

n=0 m=0 /=0

| mpedance of the sound field inside a cavity

A main question of interest is the impedance of sound fields inside

cavit ies. The impedance determines the transport of energy and the

ef ficiency of sources. Placing a loudspeaker inside a tube, it is not self -
evident what the radiat ed sound power will be. It will depend onthe
impedance of the field in which the loudspeaker is placed.

For the one-dimensional case can deriv e the impedance of the sound field
inside a tube. As so often Newton's second law is applied

) )
! =# . This gives in t his case
"X "t
e ik (2Lx)
ux(x,w):— Po (—jk)e he _
jowp 1-r,r,e”’ "

The impedance as a function of x and angular frequency is

e % 4 p g M)

— jkx
Z(x,a)):pc = :pce ik . 'k2Le ik
e_J-kX B r'Le—Jk(ZL—x) e dkx _ ,,,Le—J etk

e—ijL +jkx
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By only considerin g re sonance f re quencies one can see that the function

n! . .
becomes 1for kK =—— and the ot her exponential function can be
L

summarised to

The impedance becomes purely imaginary which means that there is no
energy transport in the room. However this will change as soon as one
introduces damping into the system. | n this case t he impedance will be
complex. The simplest way t o introduce damping would be by a complex
eigenf re quency. One would obt ain

% jkx $jk (2L$X)
ux(x,!)= kp, e’™ $re |
(_I "yl )# 1$ r,r,e¥ 2t
which gives

) )
cosf™xt oo™}
S L = 1'$ L =

Z (x,! ) = +—
k%% ) k. &)

Smffxit Smffxit
While the first part is identical tothe case wit hout damping, t he second
part is now real and represents the energy transport intothe room. When
placing the source into the middle of the room, t he impedance becomes
zero since t he cosine function becomes zero. Placing the source on the
ends of the tube the impedance becomes infinity since the sin function
becomes zero. The loudspeaker can be considered as a volume source, i.e.
t he loudspeaker membrane vibrates wit h a cert ain velocit y only
determined by the electric al signal fed to the loudspeaker.

Zero impedance means that the pressure in front of the loudspeaker will
be zero as well since the velocity time t he impedance will give the
pressure. Wit h zero pressure no transport of energy intothe room can
occur.

| nfinit e impedance means for afixed velocity an infinit e pressure (only in
theory). The product of velocity and pressure will lead t o a subst antial
transport of power intothe room
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Number of eigenfrequencies in a given cavity

Although the modal concept is a quite powerf ul one, it is limit ed by the
increasing number of modes one has to take into account wit h incre asing
frequency. Addit ionally, a high number of modes per frequency band
means that the sound field has rather statistic then deterministic
character. For the one-dimensional case the number of re sonance
frequencies N, below a cert ain frequency f can easily be calculated by

. c n . . .
using f, =— =c—. The resonance f re quencies are sit uated on lines as
! 2L

n

shown in the figure. N, can be obtained by dividing the frequency f by

thefirstintervalflzziLwhichleads R e

ton, =21
C

| nthe two-dimensional case (i.e. in a very flat room) t he re sonance
frequencies are sit uated on a plane surf ace. The frequency f is
represented by acircle wit h the radius f. The area inside this circle,
divided by the rectangular area A given by the first re sonance
frequencies approximat es the number of eigenfrequencies.

i 2
N, = f A

A L
where A is

2
A C C _ ¢ fo7 T
2L, 2L, 4LL, fo.5 \\
The number of frequencies fo 3 N\
N, can be approximat ely ' MR
If? 0.1 | 1

calculated by N, =—-5, 1o 20 'm0 70

where S is the surf ace L, L, .

I nthree dimensions t he procedure is similar and one obt ains beside t hat
now, instead of a surface, the volume will determine how many re sonance
frequencies one can count up to a cert ain frequency.

_iﬂf3

N, :
3 cC

%4
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Beside the number of resonance frequencies, the density of the
resonances is of import ance as mentioned above. The density can be
estimated by the derivative of the number of resonance frequencies wit h
respect tothe frequency

one dimension

N, 2L
I f c
two dimensions
I'N, :2”f S
I f c?

t hree dimensions

2
AN, _A4nf v+ rf S+L
Af c? 2¢? 8c
The last equation is somewhat modif ied to corre ct for errors occurrin g

when only a f ew resonance f re quencies are below f .

Example:
A room wit h a volume of 72 m3. How many re sonance f r equencies are
located below 1 kHz?
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Problems to section 7

7.1 A tubeis openin both ends and the diameter of it is small compared
to the wavelengt h, see figure.

—

a) Derive an expression for the input impedance of the pipe.
b) What are the first three resonance frequencies f or such a pipe,
having a length of 1 m?
c) How high in frequency, qualit atively, is t he expression deri ved in
a) valid to use for calculations of the eigenf requency?

7.2 A pan-pipe (panflSjt in Swedish) consists of a serie s of tubes, which
are closed in one end. Calculate the length of such tubesin order to
cover one octave according to the table.

Tone ‘ c d e f g a b c

f[Hz] | 264 297 330 352 396 440 495 528

Use ¢ =346 m/s (corre sponds to 25;C).

7.3 How many eigenmodes are t here always in a room?

74 a) Calculate the resonance frequency for the 1-0-0 mode in a room
of dimensions (Ly, Ly, L) =10 x 5 x 5 m®.
b) Draw t he shape of the sound pressure distrib ution for the 1-0-0
mode in the room when wt =0, n/ 2 and 7z, by the use of the following
expre ssion:

X,Y,zt) = ' — -d
9n,m|( Y, )’m’ ||p|h Ico x co y co L z&Part3
Partl | $$ $ $

Part2
c) Explain what the three marked factors in the expre ssion means.

75 A corrid or has the dimension L x Wx H=20 x 2 x 3 m*>. Mark the
eigenfrequencies on a frequency scale from 0 - 100 Hz.

7.6 Calculate the number of eigenmodes wit h eigenfrequencies! 200 Hz
and ! 1000 Hz respectively in a room of dimensions 4 x 2.8 x 2.4 m°.
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7.10

7.10

The number of modes in a frequency band inside a room has a great
inf luence on the sound quality of the room and the choice of
measurement met hod. The dimensions of the roomare 4.5 x 4.0 x
2.6 m®. Calculat e the number of eigenmodes in the third octave
bands in t he frequency range 100 - 1000 Hz.

A person living in an old house has his bedr oom rig ht above the
furnace room The noise from the furnace is very annoying and it s
fundament al frequency (30 Hz) corre sponds to the lowest eigenmode
of the room. This mode dominat es t he sound pressure distrib ution in
the room. The person has his pillow at the position (xi, y1, z1) = (0.3,
0.3, 0.3) m. When the aut horit ies measure the noise level they do it
at a posit ion approximately in the centre of the room accordingto
the regulations at the position (x2, y2, z2) = (2.5, 1.5, 1L.5) m. The A-
weight ed sound pre ssure level was in t his posit ion measured to 35
dB, which didnOtlead t o any remarks . Calculat e the actual level at the
pil low.

An elevat or is driven by an hydraulic pist on pump. Earlier experie nce
shows that there is alarge risk for complains on t he noise level in
the elevator, if the fundamental frequency of the pump, dueto
pulses in the hydraulic system, excit e some eigenf re quency inside
the elevator. The pulses can be reduced to acceptable levels if a
reactive silencer is placed in t he hydraulic system near the pump.
However, to design t he silencer, there is a need to know t he

unwant ed f re quencies. The rotational speed of the pump is assumed
to vary between 1300 to 1530 rpm. The number of pistons in the
pump is 7, which leads to 7 similar pulses per rotation. The elevat or
compart ment can be seen as a rectangular room wit h dimensions L x
Wx H=2.0x 11x 2.25 m*. The speed of sound in air is 343 m/s.

a) Calculat e the frequency range in which t he fundament al f re quency
of the pump may vary.

b) Isthere arisk that the fundamental frequency of the pump will
excit e some of the elevators eigenfrequencies? How many? What
are the eigenf re quencies and corre sponding mode number?

Emilia lives in a single room compart ment where the rooms
dimensions are 5 x 4.75 x 2.5 m* according to the figure. The
refrigerator is old and noisy and Emilia has placed her bed in the
opposit e corner, as far away fromthe refrigerator as possible.

Unf ort unat ely, Emilia doesnOtknow about wave t heory and room
acoustics. The noise has a very strong 50 Hz component (fromthe
electric power supply), which almost exactly coinside wit h one of the
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rooms re sonance f re quencies, so t he noise level is high in the room.

yZ/g

=10

4,75m

5m

a) Which mode, expressed as (n, m, ) has an eigenf re quency close to

50 Hz? The speed of sound is 340 m/ s

b) Assume that the sound field is dominated by the mode from a).
What dif ference in level can be f ound comparing t he sleeping

posit ions O'he head in the cornerOand Ohe feet in the cornerO?
Assume for simplicity that both positions are exactly at the wall, 50
cm above the floor. Emilia is 160 cm long.
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